Abstract-This paper presents a novel analytical technique for predicting three-dimensional (3-D
I. INTRODUCTION
T HE rotor magnets of permanent magnet (PM) machines used in high speed and power density applications are exposed in increased rate of alternating magnetic field and incur eddy current loss. Eddy currents are more pronounced in magnets especially at higher speeds for such machines with modular or concentrated winding configurations [1] , [2] , as their stator magneto-motive force (mmf) contains a large number of space harmonics which rotate at different speeds along the rotor. Accurate prediction of magnet losses at the design stage, not only gives better efficiency evaluation, but also may prevent its excessive temperature rise and hence reduce the risk of partial demagnetization.
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literatures. In general, evaluation of rotor eddy current losses requires simultaneous solutions for the governing equations of the magnetic and eddy current fields. The computationally efficient 2D numerical methods such as transient finite element analysis (FEA) to calculate the eddy current losses [3] , [4] can yield good results but lacks any physical insight on the mechanism of eddy current loss. Hence a few 2D analytical methods are developed to predict the magnet eddy current loss with varying degree of accuracy [5] - [9] . These methods often neglect the slotting effect and approximate winding currents by an equivalent current sheet distributed over the stator bore radius. Unless the slotting harmonics are considered in the loss evaluation, the no load magnetic loss and also its interaction with the armature filed harmonics at diverse load conditions cannot be quantified. As the eddy current density inside the magnets is dependent on the time derivative of the magnetic vector potential within it, a sufficiently accurate machine model becomes indispensable to estimate these time variations resulting from armature reaction and slotting effects. Magnet loss evaluation employing 2D relative permeance model [10] , [11] gives an estimation of magnet losses at no load, but the results are deviating from the actual values when the loss due to armature reaction is accounted. While improved flux density assessment models are proposed in [12] , [13] employing complex relative permeability, a more accurate subdomain models [14] , [15] are preferred for loss estimation in permanent magnets [16] , [17] . These methods except [6] and [11] are mainly resistance limited assuming the skin depth for the eddy currents is sufficiently larges than the wavelength of the alternating field under the normal operating conditions of the machine.
The accuracy of magnet loss evaluation is compromised in 2D evaluation methods if the axial length of magnets is comparable to their other dimensions since the eddy current flow in the magnets may become predominantly 3-dimensional (3D). This is further compounded by the introduction of axial segmentation [18] which makes the 3D -analysis indispensable. However, 3D FE models for prediction eddy current loss are usually complex to build, and their solutions require large memory and enormous computation time. To circumvent this problem, 3D analytical methods and reduced order numerical methods for calculation of eddy current loss have received significant interest in research communities [19] - [27] . These reduced order numerical methods may be computationally efficient, however complicated to implement. The 3D analytical methods are mostly established on simplifying assumptions which inevitably compromise their accuracy. Almost all the 3D analytical methods for prediction eddy current losses in magnets in the literature fail to consider the slotting effect accurately and also ignores the field produced by the permanent magnets itself. Moreover, these methods also ignore the flux density field variation inside the magnet and neglect the instantaneous variation of loss among different magnet segments in computing the total eddy current loss. This paper presents a novel analytical technique in polar coordinates for calculating the 3D magnet eddy current losses considering the slotting effect of any pole -slot combinations for a surface mounted permanent magnet machine under any conditions of load. Since the eddy current reaction effect becomes significant only at high operating frequencies [23] , [28] the proposed method assumes resistance-limited eddy current in magnets and is sufficiently accurate for operating frequency up to a few kHz. The paper demonstrates analytical method of calculating joule losses in the magnet for an 8 pole 18 slot SPM motor, with due account of the effect of axial and circumferential segmentations at peak load operating conditions of the machine. The effect of slotting in reducing the magnet loss with increase in field weakening angle is comprehensively assessed using the proposed method.
II. SUB DOMAIN MODEL AND CALCULATION OF MAGNET FLUX DENSITY VARIATION
To account the slotting effect, the subdomain model, as shown in Fig. 1 ], [15] with simplified slots and uniform distribution of current in them is presented assuming infinitely permeable iron materials and replicates the flux density variations in the magnet quiet accurately. Since circumferential component of flux density is relatively small, its effect on eddy current loss is negligible [20] . The eddy current loss due to radial component of magnetic field is considered in this paper. The radial component of the flux density at a radius 'r' along the magnet [15] , which contributes to the magnet loss can be represented as,
In the rotor reference α = θ r + ω r t, and θ r and ω r are rotor position and angular speed, respectively. The values of C 1k , C 2k and C 3k are determined by the machine dimensions and are defined in [15] 
1/ rC 3k k (M rsk sin (kθ r + kω r t) + M rck cos (kθ r + kω r t))
Substituting (2) and (3) into (1), and rearranging, the radial component of the flux density at a radius 'r' along the magnet which contributes to the magnet loss can be expressed in the rotor reference as
where
The coefficients which accounts for the slotting effect, namely, A 1 and C 1 varies with rotor position and can be expressed as Fourier series:
where l = 1, 2, 3, . . . and p the number of pole pairs. a 1l , c 1l and ψ al , ψ cl are the magnitude and phase of the lth harmonics of the two Fourier series. Hence the radial flux density B r can be rewritten as a combination of space and time harmonics as:
The definitions for other coefficients in (1)- (12) can be found in [15] . To express the B r distribution in a 3D space, the flux density outside the axial length (−l M /2 ≤ z ≤ l M /2) of the machine is expanded in an odd Fourier series, as shown in 
where λ = 1, 3, 5, . . . and l M is the magnet axial length. This expression ensures that the z-component of the eddy current density is zero at both axial ends of the magnet. The ∂B r /∂t calculated from (13) forms the source for eddy current generation in the magnets and can be expressed as
where,
III. CURRENT VECTOR POTENTIAL AND FORMULATION OF EDDY CURRENT LOSS CALCULATION
Since the divergence of the eddy current density J is zero, i.e. ∇ · J = 0, this allows us to define a current vector potential I satisfying J = ∇ × I. The vector potential I must also satisfy ∇ · I = 0 to ensure the net current in a magnet is zero.
From Faraday's law:
where σ is the conductivity of the magnets, and for the rare earth magnet under consideration it has a value of 5.556e5 S/m. (17) implies the I only has a radial component which satisfies:
It is evident that the accuracy of predicting I and, hence the eddy current loss calculation is dependent on the accuracy of the ∂B r /∂t calculations. Since the eddy current flows in the tangential direction on all surfaces in a magnet, the current vector potential I(θ r , z, t) will be zero at all magnet surfaces. Hence the boundary conditions of (18) are given as:
where θ 0 is the position of the starting edge of magnet under consideration. The geometric parameters of the magnet with segmentations is illustrated in Fig. 3 . It is worth noting that the boundary condition of the eddy current density at the two cylindrical surfaces is automatically satisfied by the current vector potential formulation of (18) .
The solution of (18) satisfying the boundary conditions are given by:
where m = λπ/l M and n = k/r. The axial component J z and the circumferential component J θr of the eddy current at a radius 'r' can be derived as J z (t) = −1/r · ∂I r /∂θ r and J θr (t) = ∂I r /∂z respectively. They are given in (20) and (21):
The eddy current loss in a magnet can be derived as the sum of each harmonic loss considering the flux density variations at different radial distances throughout the entire radial thickness (h m ) of the magnet. The total magnet loss considering segmentation in the machine at any time instant can be approximated by averaging a magnet segment loss evaluated at these radial distances and multiplying with the total number of magnet segments as:
where N r is the number of radial position considered in the computation and n a and n c are number of axial and circumferential segments considered respectively. Also Js θ r and Js z are the axial and circumferential component of current density evaluated for the magnet segment. However, a better approximation can be obtained by computing the sum of loss in each magnet segment separately and adding them together to find the total magnet loss at different time instants. Because time varying eddy current densities repeats 6 times in a fundamental electric period, it is necessary to calculate the eddy current loss at least for one sixth of the electrical period to obtain the average value.
IV. VALIDATION BY FINITE ELEMENT ANALYSIS
The developed 3D eddy current loss prediction technique is applied to an 18-slot 8-pole surface mounted PM machine with winding configuration shown in Fig. 4 . The machine employs winding design features [29] to reduce space harmonics and hence reduced rotor eddy current loss, while retaining the merits of fractional slot per pole machine topology. The key geometrical, physical parameters and specifications are listed in Table I where the key design data for a 12-slot, 14-pole SPM machine used in experimental validation are also given. To validate the developed model, the magnetic field distribution and eddy current loss are also predicted by 2D/3D time-stepped transient FE analysis with the models shown in Fig. 5 .
The eddy current and the associated loss are evaluated when the machine is operated at its peak load conditions with peak phase current of 80A at 4500 rpm. Before the eddy loss in the magnets is evaluated by the developed analytical technique, it is insightful to have confidence on the analytically predicted source of eddy current generation ∂B r /∂t. The analytically and 2D FE predicted ∂B r /∂t variations with θ r at r = 37.5 mm, 35.0 mm and 32.5mm, at ω r t = 1.25°of magnet '1' is compared in Fig. 6, Fig. 7 and Fig. 8 , respectively. As can be seen, the ∂B r /∂t predicted by the subdomain model considering slotting effect has shown good accuracy with the 2D transient FE analysis at the peak load. The slight difference is visible at the magnet inner surface due to core saturation which is neglected in the analytical model and also due to the simplified slot shaping [15] used in the subdomain model. 3D transient FE analysis is also carried out in Flux 3D using the model shown in Fig. 3 to predict eddy current density distribution and eddy current loss in magnets. Since the machine employs fractional slot per pole topology, circumferential symmetry exits only over 180 mechanical degrees. Thus, a quarter of the machine has to be modelled in 3D FEAs. Tangential magnetic field boundary condition is imposed on the end surfaces perpendicular to the axial direction. In addition, perfect insulation boundaries are applied to the end surfaces of the magnets. Fig. 9 and Fig. 10 compares the analytically and 3D FE predicted eddy current density distribution at the outer cylindrical surface of the magnet '1' indicated in the Fig. 3 which is located at an angle of 24°at time = 55.5 μs when the machine is having two axial magnet segmentation and rotating at the speed of 4500 rpm. Similar comparison is given in Fig. 11 and Fig. 12 for analytically and 3D FE predicted eddy current density distributions at the inner surface of the magnet '1'. It can be observed that the current density distribution from the analytical computation is matching with 3D FE with a good accuracy, except for few meagre mismatches especially along the inner surface of the magnet, as a result of the ∂B r /∂t discrepancy shown in Fig. 8 .
The analysis is repeated with different number of circumferential and axial segments at the same operating conditions of the machine. The results from 3D analytical, 3D FE and 2D FE for different axial segmentations with one and two circumferential segments at peak load conditions are compared in Fig. 13 and Fig. 14 . The variation of magnet loss from 3D analytical, 3D FE and 2D FE for different circumferential segmentations with one axial segment at the peak load condition are compared in Fig. 15 .
It is evident that the analytical predictions agree very well with the 3D FE results. The minor deviation of the analytical predictions from the 3D FE results can be attributed to neglecting the tangential component of flux density in the loss prediction and the error ∂B r /∂t in prediction. In contrast, significant errors occur in 2D FE eddy current loss predictions.
For the 18-slot, 8-pole machine under consideration the radial positions N r is chosen as 50 while evaluating the 3D magnet loss from (22) . The percentage difference when the number of radial position is increased to 60 is only 0.247% with respect to the results obtained when N r = 50. However the computation time for the magnet loss prediction per case is increased by 7 minutes when N r is increased from 50 to 60. This shows the usage of more radial samples may results only in marginal improvement of accuracy at the expense of more time consumed. The computation time for the subdomain model to extract the flux density information at each operating condition is close to 22.45 minutes. While the computation time for the analytical model to predict the magnet loss at each operating condition per case is about 20.5 minutes (N r = 50) on a 64 GB RAM desktop computer (3.3 GHz, I7 processor with 6 cores) in Matlab environment. However, it takes more than 60 hours for 3D FE with no axial segmentations ( n a = 1) and almost 10 hours with 12 axial segmentations ( n a = 12) on the same desktop computer using CEDRAT-FLUX 3D.
V. EXPERIMENTAL VALIDATION
Experimental validation of rotor eddy current loss prediction is quite challenging because the amount of eddy current loss in a well-designed machine is relatively small, and it is very difficult to separate the eddy current loss from iron loss and mechanical loss by direct measurements.
The indirect magnet loss measurement was reported in [4] for PM machines based on the rate of temperature rise measured by temperature sensors through slip rings, but the technique has poor accuracy as a result of contact resistance variations associated with slip rings and brushes. Further, the method can only estimate the loss based on the thermal property and geometry of the magnets, and its accuracy is often affected by no-uniform temperature distribution in the magnets as well as possible heat exchanges with other regions [30] .
To overcome these problems, we have devised experimental validation of the developed eddy current loss prediction technique by direct loss measurements under locked rotor conditions. Experiments are performed on a 12-slot, 14-pole surface mounted PM (SPM) machine designed for electric vehicle applications [31] . Two SPM rotors are constructed, one with unmagnetized magnets and the other without magnets. The prototype rotor with assembled magnets contains three axial segments and one circumferential segment per pole. The key geometrical, physical parameters and specifications of the machine are listed in Table I . The prototyped rotors, fully assembled machine with rotor locked and the whole experimental set is illustrated in Fig. 16 .
Initially the testing was carried at the locked rotor condition with the rotor in which no magnets are assembled. The machine windings were supplied with 45 A (peak) phase currents at 400 Hz.The experiment was repeated using the rotor assembled with permanent magnets for the same phase current and the measurements were taken at the same winding temperatures as measured in the previous case without magnets. Therefore, the flux distribution in the machine was kept virtually the same for both the experiments as the magnets were not magnetized while performing the second test. For both the tests power input to the machine was measured from the power analyzer and phase current waveforms were captured using the oscilloscope. The same experiments were also repeated when the machine windings were supplied with 50A peak phase currents at 400 Hz. The magnets loss at the given current conditions is evaluated from the difference in power input to the machine measured from the corresponding experiments with and without rotor magnets. In addition, the correction to the measured loss is applied to account for the difference in copper loss due to a minor change in the fundamental phase currents measured from the experiments with and without magnets. The phase currents measured from the experiments at 45 A and 50 A are shown in Fig. 17 .
These phase currents measured from the experiments are employed as the input to the subdomain model for generating the flux density information within the magnet. 3D magnet loss is evaluated at the stand still conditions of the rotor for both the currents employing the proposed method. The comparison of the magnet losses obtained from the experiment, the proposed 3D method and 2D FE is shown in Fig. 18 . It is observed that the experimental results agree closely with the results obtained from the proposed 3D method, while significant error is evident with results obtained from 2D FE. The mismatch in the results obtained from the experiment and the analytical 3D method can be attributed to the eddy current reactions associated with higher order switching harmonics, which is neglected in the proposed method. The difference in measured and predicted losses may also be attributed to the end winding effect which is neglected in the proposed method and to the minor variations in the iron loss between the two tests.
VI. EFFECT OF SLOTTING IN REDUCING MAGNET LOSS AT FIELD WEAKENING
It is well known that the eddy current loss in the rotor magnets are contributed by both armature reaction field and slotting effect. Under some load conditions such as field weakening, slotting effect reduces the total eddy current loss. The exact cause of the reduction is however not well understood and explained in literature. In order to study the effect of slotting on reduction of magnet loss under field weakening, loss computations are performed by employing the proposed analytical technique with different values of the phase advance or field weakening angle 'γ' from 0°to 90°in steps of 30°. γ = 0°corresponds to the phase current being in phase with the back-emf of the machine. Fig. 19 shows the comparison of magnet loss with increase in field weakening angle for the 18-slot 8-pole surface mounted PM machine, with magnet pole arc angle 'β m ' of 175°e xpressed in electrical degrees. It is observed that the difference in loss from γ = 0°to γ = 90°is 3.41 W, which is close to the no load magnet loss of 3.2 W.
To apprehend the above observation, the magnet loss associated with the harmonics of the order which are integer multiples of the slot number 'N s ' is separated from the total loss. Fig. 20 compares the difference in magnet loss due to the harmonics whose order are integer multiples of 'N s ' and the losses originated from all other harmonics with field weakening angle. It is clear from Fig. 20 that the loss associated with harmonics which are integer multiples of 'N s ' is reducing with increase in field weakening angle, while the loss associated with other harmonics is more or less the same.
It can be shown that the harmonic contents of the source of the eddy current generation ∂B r /∂t associated with the slotting effect [16] in the rotor reference are of the order (μp ± υN s )θ r ± υN s ω r t, where μ = 1, 3, 5 . . . and υ = 1, 2, 3 . . . Similarly from [8] , the harmonic orders of ∂B r /∂t due to armature reaction in the rotor reference are identified as np s θ r + (np s − p)ω r t, n = 2, 5, 8 . . . for the forward rotating harmonics and np s θ r + (np s + p)ω r t, n = 1, 4, 7 . . . , for the backward rotating harmonics, respectively, where p s is the number of pole pairs associated with the stator winding. For a given pole and slot number combination, and winding configuration, it can be shown that the slotting harmonics and a subset of the harmonics due to armature reaction have the same orders.
For the 18-slot 8-pole surface mounted PM machine considered in this study, p s is equal to two, N s = 18 and p = 4. Thus, the slotting harmonics are of the orders of 18, 36, 54 . . . , and the armature reaction field seen by the rotor magnets also contains 18th, 36th, 54th, . . . , harmonics. Fig. 21 compares the harmonic contents of ∂B r /∂t, evaluated from (14) at a point in the middle of the magnet '1', which results from the slotting harmonics and the harmonics due to armature reaction [8] when γ = 0°. A similar comparison is shown in Fig. 22 and Fig. 23 when γ = +90°and γ = −90°respectively. It is observed that the phase angle between the slotting harmonics and the armature reaction harmonics is close to 0°when γ = −90°, which represents phase retarding. This angle reaches 90°when γ = 0°, and becomes close to 180°when γ = +90°. Since the magnitude of ∂B r /∂t harmonics of the same order is a vector sum of the slotting component and the armature reaction component, the influence of slotting harmonics on the eddy current loss will depend on operation condition. In the field weakening operation when γ > ∼20°, the presence of the slotting harmonics tends to reduce the armature reaction harmonics of the same orders, and hence lead to the reduction of the eddy current loss in the rotor magnets.
VII. CONCLUSION
The 3D analytical method for predicting magnet eddy current loss has been developed and validated by 3D time-stepped transient FE analysis. The model is computationally efficient and hence suitable for evaluating the variation of eddy current loss in magnet with number of axial and circumferential segmentations. The accuracy of the results from the developed model justifies the negligence of tangential magnetic field inside the magnet and also the eddy current reaction effect at the operating conditions for the PM machine under study. The developed prediction technique has been validated by the experimental results. It has also been shown that the phase angles of the harmonics associated with slotting vary closely from 0°to 180°a s the field weakening angle is increased from −90°to +90°. Consequently, the presence of slotting harmonics reduces the eddy current loss under deep field weakening conditions. 
